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Background formalism

Hilbert space: f(x) where z € R

(f,9) = / " dalf (@) g(x)

r-representation
normalize (f,f) =1

orthonormal basis: ‘number states’

uny(z) = = /4 [QNN!]_l/QHN(a:)exp (—%#)

f@) = Y ivun@)i v = [ f@un()ds
N

N=0,1,2...

p-representation

Fo) = (@) 72 [ (@) f@ye

position/momentum operators:

X —repr: x; p = —10,
p—repr: x =140y, p
[z, p] = i1



also:
a=2"Y2(z+ip) =27(z 4+ 8,)
al = 2712 (z —ip) =272 (z — 8,)
[a,aT] =1
auyn(r) = \/NUN—l(x)
aluy(xz) = /N + luyy1(x)

alauy(z) = Nuy(z)

e Phase space:x — p plane
function f(x) located around (< = >,< p >)
uncertainty ellipse Az, Ap, oup:
<= [ @B <= [dpp TP
Az =[<z®>>—<z> Y% Ap

1
aw=<§@p+mo>—<x><p>

e displacements in phase space:

D(z) = exp[za' — z*d]

D(2) f(z) = f(z — V2zr) exp(iV2zrx — izgzr)
average location of function f(z) displaced:
(<z><p>) — (<z>4+V2zp <p>4+V2z)
Heisenberg-Weyl group



Gaussian states

e For normalized Gaussians

(AzAp)? — 02 ==

rp

I

e coherent states :
Gaussians with Az = Ap=2"%2; 5, =0

‘vacuum’ (centered at (0,0))
~1/4 L 5
uo(z) =7 exp —5%
displace it
1
g(z;2) = D(2)uo(z) = 7 V*exp (—5332 4+ z2V/2 — zzR)
centered at (zpVv2,z1v2)

e squeezed states : other Gaussians



g(x; z) for all z € C: overcomplete basis
resolution of the identity

dzpdz;

/C du(2)g(e gy ) = 6(e —y);  du(z) =

arbitrary f(x)

f@) = [ du@g@DFE: FE) = (92, )
C

non-orthogonal

(9(; 2), g(w; w)) = exp (—%W L4 z*w)

eigenstates of a:
ag(zx; z) = 29(z; 2)

‘temporal stability’
For a class of Hamiltonians, they evolve into
other coherent states within the family

H = w [aﬂLa —za' — 2z*a + |22|]
exp(iHt)g(z;¢) = exp [i|z|*sinwt]
x g(a:; Cez’wt + Z(l . eiwt))




Bargmann representation

e arbitrary function
fx) =) fyvun(z)
N

represented with the Bargmann function

oo

5(2) = exp | J1aP| U@ g@io) = 3 s (1)1

N=0
analytic function of z in C.

e growth of entire function f(z):
| f| =~ exp(cRP); R — oo

order p and type o
(p,o) < (p,o") ifp<p orp=p and o <.

e Scalar product

(f,9) = /C Fa()])g5(2) exp(—|22)du(z)

growth of Bargmann functions smaller than
(p=2,0=1/2).



In Bargmann representation

() —
un(z) — —
N VN
a — Oy al — z

aun(xr) = VNun_1(z); a'un(z) = /N + luyy1()
coherent states: order p =1, 0 = |w]|:
L2
glziw) — gp(ziw) = exp |wz — S|l

special case vacuum

g(x;0) =uo(x) — gp(2,0) =1

squeezed states: order p =2, o0 = |a|/2
1
fe(z) = (1 = |a]?)*exp [504,22 + Bz + ’y] ; la] < 1

example with a given order p and o:

eiQNO.N/p(N!)l/Q

flz) = NZ fyvun(x); fn =

= &+
SN

N =
[NZ::O [+ 1)]2]

{On} are arbitrary phases.
N finite, growth less than (p = 2,0 = 1/2).



Operator © (in the uyx(x) basis Oy n):

K(z,¢50) =) ounz" (Y
M,N

(©F)(2) = / du(O)e Iz, ¢ U) F(O)
C
examples

K(z,(" 1) = exp(2¢”)
K(z,(" a) = " exp(zCT)
K(z, ¢*a") = zexp(2¢*)

KC(z,(*; 1) reproducing kernel,

/C du(O)e K+ F(¢) = 1(2)

a,a’ differential and integral reprs:
/Cdu(oe“/qz, ¢*;a) f(¢) = 8. f(2)
/cdmoe—“/c(z, ¢t ah)f(Q) = 2f(2)



zeros of Bargmann functions

fB(z) = exp Blz|2] (If(x)]*,g(x;2)) =0
[f(z)]* orthogonal to g(z; 2)

e zeros of analytic functions isolated
if sequence {({y} converges to (finite) w then
corresponding coherent states g(x;(y) over-
complete set.

e Assume zeros (1,(»,(3... are such that
0 < |G| < |¢2f < [¢5] <+ lim |¢n| = oo
N—oo

density of zeros (n,6)

n(R) ~ dR",; R — oo
n convergence exponent: infimum of A
Z (v < o0
N=1

(n,0) < (0,8 ifn<n orn=n,;6<d.



e growth (p,o) of analytic functions related to
the density (n,d) of their zeros

n < p; op <9

e if sequence {(ny} has density smaller/greater
than (n = 2,6 = 1) then corresponding coher-
ent states g(z; (y) undercomplete/overcomplete
set.

e example:

N\ i0
CN — (%) €

Oy arbitrary phases

has density n = ng and § = do

{g9(x,{n)} undercomplete for ng = 1.9 and over-
complete for ng = 2.1



Hadamard’s theorem

e Bargmann functions with given zeros {(n}
many with same zeros

o
fa(z) = 2™ || E(Cv,p) exp[Qq(2)]
N=1
m multiplicity of zero at origin
Qq(z) is a polynomial of degree q
E are Weierstrass factors:

E(¢0) = (1 - E)

z z 22 2P
B = (- Dew T+ St o
q ¢ 2¢? peP
maximum of (p,q) (genus) does not exceed p
For Bargmann p,q = 0,1, 2.

e exp[Qo(z)] (constant) is vacuum
exp[@1(z)] is coherent state
exp[@2(z)] is squeezed state

Zm N aTm
t
E(C(n,0) =1— —
N
- [ al A
E(ty,1) = |1 - — il
(Cv, 1) 1 exp _CN]
~ [ al [ af al?
E(n,2)= |1 - —
(Cn, 2) 1 exp _CN—I_QC]QV]



e example: superposition of two Gaussians
f(x) = Nlg(x;i) — g(x; —i)] — fp(z) = 2iNe HY2sinz
Hadamard factorization:

O 0 2
Sinzg = z E({(N,0) =z (1— i )
il 1 (: e

— N=1
Con—1 = — N, (on = Nm

all g(x; Nw) orthogonal to f(x).

e von Neumann lattice
{zyny = SY2(M + iN)} where M,N integers
and S area of lattice cell.
density is (n =2,6 = S/x)
corresponding {g(z; zpn)} overcomplete when
S < m; undercomplete when S > .

e construct f(x) orthogonal to all {g(z; zpn)} in
a von Neumann lattice with S = 4.
Weierstrass sigma function:

o(21,4) = 2| [ EQun,2)i  Cun =2(M +iN)
where (M, N) %= (0,0) and

E(lunN,2) = ll—L] exp[ 4 Z ]

MN Cun 283N
answer: fg(z) = No(z|1,1)



Hyperbolic case: unit disc

1. Bergman space
e Background formalism
e SU(1,1) transformations
e Operators
e SU(1,1) coherent states

2. Hardy space
e Background formalism
e Inner and outer states

e Zeros of f(z): Blaschke products



Bergman space: background
formalism

e Bergman space:

analytic functions ¢g(z) in D:
14+ «

T

/f|g<z>w<1-|zﬁ>adszzI:: )
D

where —1 < a and p > 0.
Herep=2and a =2k—2withk=1/2,1,3/2, ..
for k=1/2, a = -1, as limit

e Hilbert space H; of f(z;k):

Qk‘ljiﬂzmrmzk>
T D
< (1= |22 du(z)

dZRdZ[

1 - |2P)2

(f(z, k),g9(=z k))

dp(2)

e orthonormal basis: ‘SU(1,1) number states

M(N +2k) Y7
F(N + 1) (2k)

un(z; k) = d(N; k)z";  d(N; k) = [

where N =0,1,2,....

Fzik) =) fnd(N:R)ZN; D PP =1
N

N



SU(1,1) transformations

e [ he operators
Ky = 220, +2kz, Ko=20,+k, K_=20,
generators of SU(1,1) group:
[Ko, K+] = K+, [K_,K.]=2Kg

Casimir:
1
K? = K§ — 5 (KiK_ 4+ K Ky)=k(k-1)1

Here k = 1/2,1,3/2,... discrete series of SU(1,1)
representations.

K?un(z; k) = k(k — Dun(z; k),

Koun(z; k) = (kK + N)un(z; k),

K_uy(z k) = [N(N + 2k — )] ?uy_1(2; k)
Kiun(z k) = [(N 4+ 1)(N 4 2] 2uny1(z; k),



e SU(1,1) transformations

S(r,0,\; k) = exp —%re_wK+ + %reieK_ exp(iAKp)
r > 0; 0 <60 <2m; 0< A< 27
also
S(z k) = S(r,0,0;k); 2= —e ¥ tanhg
S(z1; k) S(22; k) = S(w; k) exp(—i¢Ko)

At ¢ =2arg(l + z722)

w=——"
14 272

e the transformations
f(zi k) = S(r,0,\ k) f(z, k)

implemented with Mobius trans:

b
Fik) — £ (20 k) 0z 4 ar) 2
b*z + a*
where
a=eM2cosh—, b=e?sinh—
2 2



Operators

e operators © (in the un(z; k) basis ©yn):

K(z,¢"0) = i d(M; k) d(N; k) ©un 2 ¢

M,N=0
@) (= k) =21 /D K (2, ¢ @) F(C R (L — ¢ du(C)
Example:

K(z, ¢ 1) = (1 —2¢") "%
reproducing kernel,
2k — 1

T

/D K2, ¢ PG R — (€22 dpu(C) = f(z: k)
operators Ko, K4, K_
2k[—(2¢*)? + 2¢* + 1]

IC(Z, C*r KO) — (1 _ ZC*)Qk
. 2kz

’C(Z7< 'K-I-) — (1 _ ZC*)Qk—l
. . 2kC*

Kz, K-) = (1 — 2¢7)2h—1

consistent with differential representations

10



SU(1,1) coherent states

e SU(1,1) coherent states

h(z,w; k) = S8(z;k)uo(z; k)
= (1—|wP)* > dN; k)wNun(z; k)
N=0
(1 = Jw]*)*, .
1 sw)2 z| < 1; |w| <1

e resolution of the identity

2k 1 /D Bz w; k) (G w; k)] dp(w) = (1 — 2¢7) 2

T
Arbitrary state f(z; k)
2k — 1

f(z k) =
2k

/ h(ziw; k) F(w) duw)
D

Flw) =281 /D F(G R Th(C wi BT (1 — (¢ du(C)

0

e non-orthogonal states

(1 — Jw1]?)k(1 — |wo|?)”
(1 — wijwo)?k

(h(z, w1, k), h(z;, w2, k)) =

11



e for any state f(z; k)
flzik) = (1 — |2[*)7*(h(¢ 27 K, (G k)

h(z; w*; k) orthogonal to f(z;k) <~ w zero of

f(z k)

e zeros of analytic functions isolated
if sequence {wy} converges in the unit disc
then corresponding coherent states h(z; wy, k)
overcomplete set.

e WOrk needed to connect density of zeros in the
unit disc to growth near the unit circle
Hedenmalm, Korenblum, Zhu



Hardy space: background formalism

e Hardy space:analytic functions ¢g(z) in D:

21
do :
sup / —lg(re?)IP < =
0<r<1 Jo 21

here p =2

e Scalar product
2
(f)= [ 5 UE) o
0 7T
e orthonormal basis {zV}, N =0,1,2...
f(z) = ZfNZN
N
Z-transform (applications: signal processing)

e boundary function

fe®) =lim f(re®) = fye™
N=0
2m
/ L e-Nof() = fx; N >0
0 21

27
g _; .
/ —eNf(e’)=0; N<O
0 21

12



e phase states

(1 —[¢A)?2,
1—C¢z

P(0) = |f(e?)|? phase distributions

phase states in the sense

x(z,¢) =

¢l <1

1 — 2
14+ 72— 2rcos(0+ ¢)
Forr — 1 we get P(#) — 6(60+ o).

P(8) = [x(¢*; re®)|? =

e for any state f(z)
F(2) = (1 =212 2(x (¢ 2%, F(O)

x(z; w*) orthogonal to f(z) < w zero of f(z)



Inner and outer states

f(z) factorizes as:
f(2) = fin(2) fout(2)

e outer part of f(z)

fout(z) = exp[P(2)]
where

oie) = [ 2202060 - )~ 1 in |5
and

C(r,0) = (1 —re)~1

the Cauchy kernel

phase distribution P(0) = |f(e"?)|? defines uniquely
outer part of f(z).

outer part has no zeros

e inner part f(z)

fin(z) = fz(z) exp[—P(7)]
in the interior of the unit disk (|z| < 1)

| fin(2)] <1, | f(2)] < | fout(2)]

and on the unit circle (|z| = 1):

fin(@D =1 [f()] = |four(e”)] = [P

13



e Example of outer functions: phase states

(1—[¢AM2,

x(z¢) = & ¢l <1

e Examples of inner functions: most general bi-
linear functions with |fin(e?)| = 1:

_ C—z
zero at z =
‘building blocks’ of more general inner func-

tions.

¢l <1

e product of a finite number of such functions:

K C — PN
BGion == T (250

N1 1 —Cfvz

(n: distinct numbers in the unit disk.



Zeros of f(z): Blaschke products

e zeros (ny of a bounded analytic function in the
unit disc satisfy:

[T lcvl <00 = > pyv(1—[¢n]) <00 (1)
N= N=1

1

py Multiplicity of zero (.
zeros move quickly towards the unit circle

sequence (y in D which violates Eq.(1) —
corresponding phase states {x(z;{y)} form an
overcomplete set.

e sequence (y in D which obeys Eq.(1)
inner function with those zeros: Blaschke prod-
uct

B(z) =[] (cj*v cw—z)“
o M| 1 = ¢z

not unique answer: B(z)exp[h(z)]

e general function fz(z) can be written as

fz(2) = fin(2) fout(2) = B(2) exp[h(2)] fout(2)

14



Discussion

e Analytic representation in the complex plane
growth/density of zeros

e Analytic representation in the unit disc
Bergmann space
Hardy space

e finite Hilbert spaces (eg spin)
complex functions f(m) m € Z,
stronger results when m € GF(p*)
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